On (a,b)-step Hamiltonian graphs

Gee-Choon Lau'*, Sin-Min Lee?, Karl Schaffer?, Siu-Ming Tong*
! Faculty of Computer & Mathematical Sciences
Universiti Teknologi MARA (Segamat Campus)

85000 Johor, Malaysia
2 34803, Hollyhock Street, Union City, CA94587, USA
3 Department of Mathematics, De Anza College
Cupertino, CA95014, USA
4 Department of Computer Science
Northwestern Polytechnic University
Fremont, CA 94539

Abstract

For integers a,b > 1, a (p, ¢)-graph G = (V, E) is said to have an AL(a,b)-step traversal
if its vertices vy, vs,..., v, are such that for each odd ¢ =1, 3,5, ..., the distance between v;
and v;41 is equal to a and for each even i = 2,4,6, ..., the distance between v; and v; 1 is
equal to b. A graph that admits an AL(a,b)-step traversal is called an (a, b)-traceable graph.
The sequence vy, v, . .., v, is called an (a,b)-step Hamiltonian path. A Hamiltonian graph
can be considered as a (1,1)-step Hamiltonian graph. In general, if d(vi,v,) = b (for even p)
or d(v1,vp) = a (for odd p), we say G is (a, b)-step Hamiltonian. In this paper, we give some
ways to construct new (a, b)-step Hamiltonian graphs. We also consider (a, b)-Hamiltonicity
of paths, cycles and some related graphs. As a consequence, we show that for any b > a > 1

there exist an infinite number of (a, b)-step Hamiltonian graphs.
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1 Introduction

The problem of hamiltonicity of graphs has been studied extensively since Tait’s attempt to
prove every 3-connected planar cubic graph has a Hamiltonian cycle (see [4]). In [1], the authors

introduced the concept of k-step Hamiltonian graphs (also see [2, 3]).
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Definition 1.1 For an integer k > 1, a (p,q)- graph G = (V, E) is said to admit an AL(k)-step
traversal if its vertices vi,va, ..., v, are such that for eachi =1,2,...,p—1, the distance between
v; and vi41 15 equal to k. The sequence vi,va, ..., v, is called a k-step Hamiltonian path and G

is said to be k-traceable. A graph G is k-step Hamiltonian if it is k-traceable with d(vp,v1) = k.

Clearly, a 1-step Hamiltonian graph is also a Hamiltonian graph. In [1], it was shown that all
bipartite graphs are not 2-step Hamiltonian, and many families of graphs that are or are not
k-step Hamiltonian for certain or all £ > 2 are also given. In this paper, we extend the concept

of k-step Hamiltonian to (a, b)-step Hamiltonian.

Definition 1.2 For integers a,b > 1, a (p,q)- graph G = (V, E) is said to admit an AL(a,b)-
step traversal if its vertices vi,va,...,v, are such that for each odd i = 1,3,5,..., the distance
between v; and viy1 is equal to a and for each eveni = 2,4,6, ..., the distance between v; and vi41
is equal to b. A graph that admits an AL(a,b)-step traversal is called an (a,b)-traceable graph.
The sequence v, va, ..., vy is called an (a,b)-step Hamiltonian path. In general, if d(vi,v,) = b

(for even p) or d(vi,vp) = a (for odd p), we say G is (a,b)-step Hamiltonian.

Example 1.1 The graph in Figure 1 is not Hamiltonian, k-step Hamiltonian nor (1,2)-step

Hamiltonian but is (1,2)-traceable.

Figure 1: An AL(1,2)-step traversal graph

Example 1.2 The graph in Figure 2 is not Hamiltonian but is 2-step Hamiltonian and (1,2)-

step Hamiltonian.
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Figure 2: Graph with a (a) 2-step Hamiltonian, (b) (1,2)-step Hamiltonian tour



Clearly, (a,a)-step Hamiltonian is a-step Hamiltonian and a 1-step Hamiltonian graph is also
Hamiltonian. Moreover, if a graph of even order is (a, b)-step Hamiltonian, then it is necessarily
(b, a)-step Hamiltonian. In such a case, we may assume that b > a > 1. In this paper, we show
that an (a,b)-step Hamiltonian graph exists for all a,b and give some ways to construct new
(a,b)-step Hamiltonian graphs. We also consider (a, b)-Hamiltonicity of cycles and some related
graphs. As a consequence, we showed that there exist infinitely many 1-connected (a, a+ 1)-step

Hamiltonian graphs.

Proposition 1.1 If G is (a,b)-step Hamiltonian of even order, then for every vertex v of G,

there exist 2 distinct vertices x and y such that d(v,x) = a and d(v,y) = b.

Definition 1.3 For k > 2, let Di(G) be the distance k graph generated by G with vertices in
Di(G) adjacent if and only if the distance between them in G is k.

The following theorem follows directly.

Theorem 1.2 If a graph G of even order p is (a,b)-step Hamiltonian, then D,(G) and Dy(G)
each contains a perfect matching subgraph, say My(G) and My(G) respectively, such that M,(G)U

My(G) contains an induced cycle Cp.

Corollary 1.3 If G is a graph of even order p such that Do(G) or Dy(G) (a) has an odd order
component; or (b) has less than p/2 edges, then G is not (a,b)-step Hamiltonian.

2 Existence and Construction of (a,b)-step Hamiltonian graphs

Theorem 2.1 There exist (k,k + 1)-step Hamiltonian graphs for each integer k > 1.

Proof. A (k,k + 1)-step Hamiltonian graph is constructed by joining two paths of
order 2k + 2 given by wuj,u9,us,...,uspyre and wvy,v2,vs3,...,U2k12 and joining vertices
u; and vgr3 by an edge and v; and wugys by an edge. A (k,k + 1)-step cycle is

Uk+2, U2y Uf4+3, U3y -« U242, U1y V42, V2, V435 -+ -, V242, UL, Uf+2-

Example 2.1 In Figure 3, we give the graph described in Theorem 2.1 and the constructed cycle
for k =2,3. Note that for k =1, we get a (1,2)-step Hamiltonian cycle Cs.
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Figure 3: Construction of (k, k + 1)-step Hamiltonian graphs

More generally, we have
Theorem 2.2 For any b > a > 1, an infinite number of (a,b)-step Hamiltonian graphs ezist.

Proof. Choose a cycle C,, such that ged(n,a +b—2) = 1 and n > 2(b—1). Let C, =
ujugug - - - upul. Attach a degree 1 vertex v; by an edge to the vertex u; of Cy,. An (a,b)-step
Hamiltonian tour is then given by w1, Vg, Ugrb—1, V2a4+5—2, U2a+2b—35 - - - s Un—aq—b+3, Un—b42, U1 With
the subscripts taken over mod n. Since there are an infinite number of n such that ged(n,a +
b—2) =1and n > 2(b— 1), there are in infinite number of cycles C,, which are (a,b)-step

Hamiltonian. O

Example 2.2 Let a = 3,b =8, thenn > 2(8 — 1) = 14. Take n = 16, for example, such that
gcd(16,3 +8 —2) = 1. A (3,8)-step Hamiltonian tour is given by uy, vs, uig, V12, U3, Vs, U12,
V14, Us, V7, U14, V16, UT, V9, Ul6, V2, U9, V11, U2, V4, U11, V13, U4, Ve, U13, V15, UG, U, Ul5, V1, U8,

V10, U1-

Corollary 2.3 For any b > a > 1, an (a,b)-step Hamiltonian C,, X Py exists.

We shall now present a few methods for constructing other infinitely many (a,b)-step Hamilto-
nian graphs. In what follows, we only consider even order graphs, unless specified otherwise.

For a > 1, let Gy and G2 be two (a, a+1)-step Hamiltonian graphs of order s and ¢ with an (a, a+
1)-step Hamiltonian tour wi,ug,us, ..., us—1,us,u1, and vy, va,v3,..., V1,0, V1, respectively.

Let x1,x9,...,294 and y1,y2, ..., y2, be 2 distinct paths of length 2a.

Denote by Gi(a,a+ 1) (respectively, Ga(a,a+ 1)) the graph obtained from G (respectively, G
and G3) by joining x;1 to us and g, to uy (respectively, x1 to us, xo4 to v1, y1 to vy, and yo, to

U1>.

Theorem 2.4 The graphs Gi(a,a + 1) and Ga(a,a + 1) are (a,a + 1)-step Hamiltonian.



Proof. Observe that the graph Gi(a,a + 1) has an (a,a + 1)-step Hamiltonian tour given by

UL, U2, UBy - -+ y Us—1,Us; La+1, L1, Ta+2; L2y - -5 L2a—15 La—1, L2a) La, U1- Slmlla‘rlyv an (CL, a+1)—step
Hamiltonian tour for Ga(a,a+1) is given by ui, ug, us, ..., Us—1, Us, Tatr1, T1, Tat2, L2, - - -y T2a—1,
LTa—1,%2ayLa, V1, V2,V3, .-, Ut—1,Vty Ya+15 Y1, Ya+2, Y25 - - -, Y2a—15 Ya—15 Y2a, Ya, U1- 0

Example 2.3 In Figure 4, we give a (2,3)-step Hamiltonian tour for the graphs G1(2,3) and
G2(2,3) constructed from a (2,3)-step Hamiltonian Cs.

Zq

G1(2,3)

Figure 4: New (2,3)-step Hamiltonian graph G1(2,3) and G2(2, 3) constructed from Cg

For b > a > 1, let G; and G be two (a,b)-step Hamiltonian graphs of order s and t respectively
with an (a, b)-step Hamiltonian tour given by uq, us, ..., us, u; and vi,ve, ..., vy, v1, respectively.
Let uy, x,...,y,us be a shortest u; — us path (of length b) in G;. Construct a new graph G(a,b)
from G; and G5 by adding an edge joining vertex x to vy, and an edge joining vertex y to v.

Note that x = y if @ = 1,b = 2, and hence G(1,2) is 1-connected.
Theorem 2.5 For b > a > 1, the graph G(a,b) is (a,b)-step Hamiltonian.

Proof. Observe that d(ui,v:) = d(us,v1) = b. An (a, b)-step Hamiltonian tour in G(a, b) is given

byu1,u2,...,u5,vl,v2,..-,’Ut7U1. O

Example 2.4 In Figure 5, we give a (1,b)-step Hamiltonian tour in G(1,b) constructed from 2
distinct (1,b)-step Hamiltonian graphs for b =2, 3.

u Ul V1 V4
u9 ! 1 Ug U v
3
u
v
3 U6
E : z: us Us
Uq V4
U6 U6 Vg Vs
G(1,2) G(1,3)

Figure 5: New (1,b)-step Hamiltonian graphs for b = 2,3

It is well known that all Hamiltonian graphs are 2-connected. However, the next theorem shows

that there are infinitely many 1-connected (a,a + 1)-step Hamiltonian graphs for a = 1, 2.



Theorem 2.6 There exist 1-connected (a,a+ 1)-step Hamiltonian graphs of even order at least

4da+2,a =1,2.

Proof. A construction method for a = 1,2 is given in Figures 6 and 7, respectively. O

Figure 6:

Figure 7: 1-connected (2,3)-step Hamiltonian graphs of even order > 10

3 Paths

The simplest connected graph is the path P, with n vertices. Let the vertices be labeled

0,1,2,...,n — 1 consecutively.
Theorem 3.1 All paths P, are (1,2)-step traceable.

Proof. Label the vertices of P, as 0,1,2,....n — 1. For n = 4k,4k + 1, or 4k + 2 we use the
sequence 0,1,3,2,4,5,7,6,8,...,4k — 4,4k — 3,4k — 1,4k — 2, 4k, with last vertex in the sequence
4k — 1,4k or 4k + 1 respectively. See Figure 8. g



0 1 2 3 4 5 6 7 8 4k-3  4k2 4kl 4k 4k+1
(1,2)-traceable Py, Py, > and Pyy o

0 1 2 3 4 5 6 7 4k1 4k 4k+1 4k+2
(1,2)-traceable Py, 5

Figure 8: (1,2) traceable paths

Theorem 3.2 Necessary conditions for P, to be (a,b)-step Hamiltonian are n = 2ab and
gcd(a,b) = 1. Any (a,b)-step Hamiltonian cycle will be composed of the edges in the set
E={(0,a),(1,a+1),(2,a4+2),...,(a—1,2a— 1)}

U {(2a,3a),(2a+ 1,3a + 1), (2a + 2,3a + 2),...,(3a — 1,4a — 1)}

U{(n—2a,n—a),(n—2a+1,n—a+1),(n—2a+2,n—a+2),...,(n—a—1,n—-1)}
U {(0,b), (1,b+1),(2,b+1),...,(b—1,2b— 1)}
U {(2b,3b), (2b+1,3b+ 1), (2b+2,3b+2),...,(3b—1,4b — 1)}

U{(n—2b,n—>5),(n—2b+1,n—-b+1),(n—2b+2,n—>b+2),...,(n—b—1,n—1)}.

Proof. ged(a,b) = 1. Let the vertices be labeled 0,1,2,...,n — 1. Two vertices v and v are
connected in D, (P,) U Dy(P,) only if v = u + ka + mb for some integers k and m. Because
ka + mb is a multiple of d = ged(a,b), we must have w = v (mod ged(a,b)). Therefore P, can
only be (a, b)-step Hamiltonian if d = 1.

n = 2ab. Each vertex in an (a, b)-step Hamiltonian cycle must have one edge at distance a and
one at distance b within that cycle. Vertices 0,1,2,...,a — 1 can only have their length a edges
connected to vertices a,a+1,a42,...,2a—1 respectively. Similarly, vertices 2a,2a+1,...,3a—1
only have length a edges to vertices 3a,3a + 1,...,4a — 1. By induction, we see that n must
be a multiple of 2a. Similarly, n must be a multiple of 2b, and since ged(a,b) = 1, the smallest
such n is 2ab. If n = 2kab for k > 1, then D,(P,) U Dy(F,) is composed of k components each

of order 2ab, so P, cannot be (a,b)-step Hamiltonian. O
However, ged(a,b) = 1 and n = 2ab is not sufficient for P, to be (a, b)-step Hamiltonian.

Example 3.1 P41y is (1,2k + 1)-step Hamiltonian with vertex sequence: 0,1,a + 1,a +
2,2,3,a+3,a+4,4,5,a+5,a+6,...,a—3,a—2,2a—2,2a—1,a—1,a,0. However, D1(P2(2k))u
DZk:(P2(2k:)) >k x 04.

For example, Pyg is (1,5)-step Hamiltonian with vertex sequence 0,1,6,7,2,3,8,9,4,5,0.



Pyo is not (1,6)-step Hamiltonian since D1(Pj2) U Dg(P12) = 3 x Cy with verter sequences
0,6,7,1;2,8,9,3;4,10,11,5. However, Py is (2,3)-step Hamiltonian with vertex sequence
0,3,1,4,6,9,11,8,10,7,5,2,0.

As shown in the proof of Theorem 3.2, the edges E of an (a,b)-step Hamiltonian cycle for
P, = P,,, must be composed of the union of sets of ”parallel” length a edges with a similarly
labeled collection of sets of ”parallel” length b edges. Because each vertex in the set F is incident
to one length a edge and one length b edge in F, the edges in E will constitute a set of cycles.
If a = 1,b = 2, then Py is (1,2)-step Hamiltonian, with a cycle in the form C4. Otherwise, in
order to show that E is not composed of one (a, b)-step Hamiltonian cycle, we might simply find

one example of a cycle Cy in this collection.

When P, is not (a, b)-step Hamiltonian the collection of these cycles exhibit interesting patterns,
and this might be the subject of a separate investigation. For now we will establish conditions
showing that in all cases P, is not (a, b)-step Hamiltonian except for a = 1 and either b =2 or b
odd, and also for a = 2 and b = 3. We divide the cases into those in which 2a < b, 3a/2 < b < 2a,
and a < b < 3a/2.

Theorem 3.3 Suppose gcd(a,b) = 1,n = 2ab,b > a > 1, and the vertices of P,, = Paq, are
labeled 0,1,2,...,n— 1, with edges as described above.

(i) If a = 1 then Py is (1,b)-step Hamiltonian if and only if b is odd, as shown in Example 3.1
(i1) If a > 2 with gcd(a,b) > 1, then P, cannot be (a,b)-step Hamiltonian by Theorem 3.2.
(117) Ifa > 2 and 2ma < b < (2m+1)a for some m > 1 then Payy is not (a,b)-step Hamiltonian.

() Ifa>2 and (2m—1)a < b < 2ma for some m > 2 then Pagy, is not (a,b)-step Hamiltonian.

Proof. (iii) A copy of the 4-cycle C4 among the edges is (0, a,b,a + b). We have that (0,a) and
(0,b) are edges in E. Since a < b the length b edge incident to vertex a is (a,a + b). Since
2ma < b < (2m + 1)a the length a edge incident to vertex b is (b,b + a).

(iv) A copy of the 4-cycle Cy among the edges is (a — 1,2a — 1,a+b—1,2a + b — 1). We have
that (a — 1,2a — 1) is an edge in F, and because a — 1 < b, also (a —1,a — 1+ b) is an edge
in E. Since (2m — 1)a < b < 2ma, we have 2m — 1)a+a—-1<b+a—1<2ma+a—1so
that 2ma — 1 <b+a—1 < (2m 4 1)a — 1. Therefore the length a edge at vertex b+ a — 1 is
b+a—14a=2a+b—1. Since m > 2 we have 2a — 1 < 3a < (m — 1)a < b, so the length b
edge incident to vertex 2a — 1 is (2a — 1,2a + b — 1), and this completes the copy of Cy. O



Example 3.2 (ZZZ) Let a = 4,b = 25,2(3)4 < 25 < (2 -3+ 1)4, P(Q)(4)(25) = Py, Cy is
(0,4, 25,29). (ZU) Let a = 4,b = 23, (2 -3 - 1)4 < 23 < (2 : 3)4, P(Q)(4)(23) = Pigq, Cy is
(3,7,26,30).

The only remaining cases for paths are for 2 < a < b < 2a. These are covered in the following.

Theorem 3.4 If2 < a and %a < b <2a—1 then Py is not (a,b)-step Hamiltonian, except for
a=2,b=23.

Proof. Suppose a > 3, since the only other case is a = 2,b = 3, which does give the the (2,3)-step
Hamiltonian path Pjs, as mentioned previously. Note that we cannot have b = %a since that is
only possible if a = 2m is even, in which case gcd(a,b) = ged(2m,3m) = m > 1. We next show
that in the remaining cases Dg(Paqp) U Dp(Pagp) always contains a copy of Cy. Let b = a + k,
where § <k <a—1. We will try to find the smallest element z of a 4-cycle Cy such that

a<z4+a<b-1

since we will want the b-edge at = + a to be (z + a,x + a + b). We also will want the a-edge at
x+btobe (z+0bx+a+b), sowe need

2a <z+b<3a-—1

X x+a xfra+b

x+b

0 a b 2a 3a
Figure 9: A 4-cycle in Pygy,

These inequalities simplify to
0<z<b—-—a-1

and
20—b<x<3a-b-1

Because b < 2a implies both that 0 < 2a — b and that b —a — 1 < 3a — b — 1 we have these

boundaries for x:
20 —b<zx<b—a-1



or replacing b by a + k,
a—k<z<k-1

We can always find at least one value for x since the boundary values for z in this inequality,
a —k and k — 1, are closest together when k is as small as possible, namely when & = [§] + 1.
If a = 2m is even, then for all values of k we have a —k < § = m < k, so we can choose
x = m — 1 which impliesa —k <m —1=x < k —1, as required. If a = 2m + 1 is odd, then
we can choose r = m giving a —k < § = m + % < k, so we can choose x = m again implying
a—k <m=2x <k—1. In both cases the inequality a — k < x < k — 1 actually gives us a
non-empty range of values for x that determine 4-cycles, implying that Ps,; is not (a, b)-step

Hamiltonian. O

Example 3.3 If a =7 then the possible values for b within the constraints of this theorem are
b= 11,12, or 13. Since 7 = 2(3) + 1 we can use x = 3 as the smallest value in a 4-cycle for

each of these values of b, but the inequality for x also gives the following ranges for x:
(i) a=T7,b=11k =4,z is inrange 7T—4 <z <4 —1, so x = 3, the 4-cycle is (3,10,21,14).

(i) a=T,b=12k =5,z isin range 7T—5 <z <5-—1, so x = 2,3, or 4, example of a 4-cycle
is (2,9,21,14).

(1) a =T7,b =13,k =6,z isin range 7T —6 < x <6 —1, so x = 1,2,3,4, or 5, ezample of a
4-cycle is (5,12,25,18).

Therefore in all of these examples Pagp is not (a,b)-step Hamiltonian.
The remaining P, cases are for a < b < %a. We have the following.

Theorem 3.5 Ifa < b < %a, then Pagp is not (a,b)-step Hamiltonian, if (i) a is odd and b is

even, or (ii) a is even and b is odd.

Proof. Example 3.1 shows that Pjs is (2,3)-Hamiltonian.

(i) We show that Dy (Pagp) U Dy(Pagy) always contains a copy of Cy, (ab, ab+a,ab+a—0b,ab—b).
Since ab is an even multiple of a, its a-edge at ab is (ab,ab + a). Since ab + a is between an
odd multiple of b and an even multiple of b, its b-edge is (ab+ a,ab+ a — b). Since ab is an odd
multiple of b, its b-edge is (ab,ab — b). Since

ab—2)=ab—2a<ab—b<ab—a=a(b—-1)

10



ab — b is between the even multiple a(b — 2) of a and the odd multiple a(b — 1) of a, and so its
a-edge must be (ab — b,ab = b+ a). See the two left-hand figures in Figure 10, including the
example a = 7,b— 10, p = 2(7)(10) = 140, in which the horizontal segments are a-edges and the

vertical segments are b-edges.

ab+b ab+a+b

ab ab+ a 99 107
— b+ 2
ab-a ab +2a 80 88 96 104 55 64
ab ab+a
ab-b ab+a-b a=8 a=9
ab-b ab+a-b b=11 w b=1 s
70 . T ab-a-b ab+2a-b 69 77| 85 93
a=
b=10
60 67 66 74

ab—-2b ab+a-2b

Figure 10: Examples of 4-cycles and 12-cycles

(ii) We show that D (Pagp) U Dy(Pagp) always contains a copy of Ca (see the two middle figures
in Figure 10).
The following vertices have labels in intervals with minimum an even multiple of a and
maximum one less than an odd multiple of a, so their a-edges are formed by adding a:
ab—a =a(b—1), since b — 1 is even.
ab+a=a(b+ 1), since b+ 1 is even.
ab + b, in the interval ab+ a < ab+ b < ab + 2a.
ab —a — b, in the interval a(b—1) —2a <ab—a—b < a(b— 2).
ab+ a — b, in the interval a(b+1) —2a =a(b—1) < ab+a —b < ab.
ab — 2b, in the interval a(b — 3) = ab — 3a < ab—2b < ab — 2a = a(b— 2), since a < b < 3a or
2a < 2b < 3a.
Similarly, the following vertices have labels in intervals with minimum an even multiple of b and
maximum one less than an odd multiple of b, so their b-edges are formed by adding b:
ab, since a is even.
ab — 2b = b(a — 2), since a — 2 is even.
ab + a, in the interval ab < ab+a < ab+b = b(a + 1).
ab — a — b, in the interval b(a —2) =ab—2b<ab—a—b<ab—b="b(a—1).
ab+ a — 2b, in the interval b(a —2) =ab—2b < ab+a —2b<ab—b="b(a—1).
ab+2a—b, in the interval ab =b(a—1)+b < bla—1)+2a =ab+2a—b < ab+2b—b = b(a+1).
O

11



Theorem 3.6 I[fa < b < %a, then Pagp is not (a,b)-step Hamiltonian when a and b are both
odd.

Proof. We will show that we can always find a copy of Cy with smallest element x in D (Paqp) U
Dy(Pogp), where x = 2ma + a — 1 = 2nb, for some m and n. That is,  is a — 1 more than
an even multiple of a, and so its a-edge is (a,x + a), and x equals an even multiple of b, so its
b-edge is (z,x + b). Then the b-edge at = + a will be (z + a,x + a + b), because 2nb < z + a <
2nb+b = (2n + 1)b. Also, the a-edge at x + b will be (x + b, x + b+ a), because

2m+2a—1=2m+a—-1l+a=xz+a<zx+b
1
<x+a+§a<x+2a:2ma+(a—1)+a:(2m+3)a—1

These will be true if 2ma+a = 1+2nb =1 (mod 2b), that is if we can solve (2m+1)a = ya =1
(mod 2b), for some odd number y. This is always solvable because a is odd and relatively prime
to both b and 2b. Since Dy (Pagp) U Dy(Pog) contains a copy of Cy it cannot be (a,b)-step

Hamiltonian. O

Example 3.4 Fora =9 and b = 11, we solve 9y = 1 (mod 22), giving y = 5 (mod 22), and
x = (9)(5) —1 =44 = (2)(22). The 4-cycle is then (44, 53, 64, 55), (see the right figure in
Figure 10).

4 Cycles

Throughout this section we will use [p] = {0,1,2,...,p — 1} as the vertex labels for the cycle
C), with edges (i,i + 1), with the understanding that vertices with labels congruent mod p are
identified. D,(C}p) U Dyp(Cp) is known as a circulant graph. Recently there has been interest in

decompositions of circulant graphs into Hamiltonian cycles.

Theorem 4.1 Ifa andb are both odd and relatively prime to p and Cy, is (a,b)-step Hamiltonian
then Do(Cp) U Dy(Cp) is decomposable into two (a,b)-step Hamiltonian cycles.

Proof. Suppose M,(C},) and My(C)) are perfect matchings subgraphs of D,(Cy) and Dy(C))
respectively, such that M,(C,) U M(C),) contains an induced cycle Cp, as described in The-
orem 1.2. Let the edges of M,(C,) be (uo,u1), (ug,us), ..., (up—2,up—1) and the edges of
My(Cy) be (vg,v1), (v2,v3), ..., (Vp—2,Vp—1), where it is understood that {ug,u1,...,up—1} =
{vo,v1,...,vp—1} = V(Cp). If we add an odd multiple (2k + 1)a of a to every vertex of M,(C))

and reduce mod p, we will obtain the complementary perfect matching within D,(C}) composed
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of edges (uo+(2k+1)a, u1 +(2k+1)a), (ua+(2k+1)a, us+ (2k+1)a), ..., (up—2+ (2k+1)a, up—1 +
(2k + 1)a). Similarly adding (2k + 1)b to each vertex of My(C)) produces the complementary
perfect matching of D,(C)). Let d equal the least common multiple of a and b, which must be
odd. Adding d to each vertex of the edges of M,(C)p) and M(C)p) produces a graph isomorphic
to the cycle induced by M, (C)y) and M;(C),) and thus to Cp.

Example 4.1 Figure 11 shows a (3,5)-step Hamiltonian cycle for Cha along with its “rotated”
complement obtained by adding the least common multiple of 3 and 5, 15 = 3 (mod 12), to
every verter. If a is even and b is odd the theorem may not be true, as the example on the right
shows for the (2,3)-step Hamiltonian cycle for Cs, which has complementary edges in Dy(Cg)
and in D3(Cg) composing 2Cy; all other (2,3)-step Hamiltonian cycles for Cgs are rotations or

reflections of the one shown.

(3,5)-step Hamiltonian cycle for 012 and complement (2,3)-step Hamiltonian cycle for CS and complement

Figure 11: Hamiltonian cycles and complements for (3,5)-step C12 and (2,3)-step Cs

b>p/2. In particular, if p is odd, then C) is not (a,b)-step Hamiltonian unless a = b = 1.

Theorem 4.2 The cycle C,, is not (a,b)-step Hamiltonian if —F— or gcd€b o) is odd or if a or

Proof. If m = d is odd, then D,(C)p) is composed of gcd(a,p) disjoint cycles Cy each of
which cannot have a perfect matching, similarly for m. If a > p/2, then D,(C)) is composed

of isolated vertices, similarly for b. The result holds by Theorem 1.2

Note that Theorem 4.2 guarantees that the only (a, b)-step Hamiltonian cycles C), are those for
which p is even. Furthermore, if either a or b is even, say a, and p = 2 (mod 4) then m is
odd, contradicting the theorem. Therefore in this case p must be a multiple of 4, and similarly

if a or b is divisible by a higher power of 2:
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Corollary 4.3 If a or b is even and C,, is (a,b)-step Hamiltonian then p = 0 (mod 4). If 2F
is the highest power of 2 that is a factor of either a or b and C,, is (a,b)-step Hamiltonian then

2k+1 s a factor of p.

There are three possibilities for the parity of a and b, where 1 < a,b < § and a # b:

(i) @ and b are both even. In this case no even label vertices and odd label vertices in
Dy(Cp) U Dy(Cp) are adjacent to each other, so Dq(C)p) U Dy(Cp) is disconnected and C), cannot
be (a,b)-step Hamiltonian.

(ii) a and b are both odd.

(iii) One of a or b is odd and the other is even.

4.1 Cycles C, with both ¢ and b odd

We first examine case (ii) in which a and b are both odd. The simplest forms for an (a, b)-step
Hamiltonian cycle are those in which to find the next vertex in the cycle we alternately add
b and subtract a, or else those in which we alternately add b and add a; these correspond to

sections (i) and (ii) respectively in the next theorem.

Theorem 4.4 Suppose p is even and both a and b are odd, with a < b < g. Then Cy, is

(a,b)-step Hamiltonian if either of the following conditions are true:

(i) %52 is relatively prime to

[NJiS]

(i) £ is relatively prime to

[NJiS]

Proof. Let m = bfT“.

(i) An (a,b)-step Hamiltonian cycle is given by the sequence 0,b,b — a,2b — a,2b — 2a,3b —
2a,3b—3a, ..., 50+ (5 —1)a. Note that the elements of the sequence of the form i(b— a)
are even with respect to mod p, and the elements of the form b + i(b — a) are odd with
respect to mod p. These are all distinct, mod p, as the following three cases show.
Ifi(b—a) = j(b—a) (mod p) then i’ = im = jm (mod 5), and because ged(m, ) = 1,
this implies that i = j (mod %) Because i and j take only the values 0,1,2, ..., % —1, we
must have ¢ = j.

By a similar argument, b 4+ i(b —a) = b+ j(b — a) (mod p) also implies that i = j.
Because b+ i(b — a) and j(b — a) are of oppositie parity, mod p, they also are distinct.
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(ii) An (a,b)-step Hamiltonian cycle is given by the sequence 0,b,b + a,2b + a,2b + 2a,3b +
2a,3b+3a, ..., (5)b+(5—1)a. Similar arguments to those in part (i) show that if i(b+a) =
j(b+a) (mod p) orif (i+1)b+ia=(j+ 1)b+ ja (mod p) then ¢ = j. As in case (i) the
elements of form (i + 1)b + ia and those of the form j(b+ a) are of opposite parity with

respect to mod p and so must be distinct as well.

Because for b > 1 odd, b% must be relatively prime to b, we have
Corollary 4.5 Ifa=1 and b= % is odd then C), is (1,b)-step Hamiltonian.

Because (b — (b — 2¢))/2 = c is relatively prime to cn + 1 for any positive integers ¢ and n, we

have

Corollary 4.6 C), = Cacpi2 is (b — 2¢,b)-step Hamiltonian for b odd and n a positive integer
such that 1 <2c<b<en+1= %. In particular, if c =1 then Cy, is (b— 2,b)-step Hamiltonian

P
for any even value p such that 3 <b < 5.

Again let m = b_T“ and let k = HT“.

Corollary 4.7 Ifa and b are odd, a < b < g, and there is a positive integer n such that any of
the following conditions are true then C) is (a,b)-step Hamiltonian.

(i) 5 =mn+1

(ii) 8 =kn+£1

(iii)] p=mn+1

(iv) p=mnk+£1

Proof. For (i) m and § = mn £1 are relatively prime and similarly for (ii) k£ and § = kn+1 are
relatively prime. For (iii) if £ and m share a common factor greater than 1 then we cannot also

have p = mn £ 1, so (iii) implies that £ and %3¢ are relatively prime, and similarly for (iv). O
Note that the conditions in this corollary are sufficient but not necessary. For example, if

s . . . bta
p=32,a =3 and b =15 then none of conditions (i) though (iv) are satisfied, yet k = *$%¢ =9

is relatively prime to § = 16 and so C32 is (3,15)-step Hamiltonian.

Example 4.2 In Figure 12, we show how to construct (1,3)-step Hamiltonian tours for Cs and

Cho using the methods of Theorem 4.4.

15



(ii) (iii)

Figure 12: (1,3)-step Hamiltonian cycle(s) of Cs and Cig

Example 4.3

H=3 = 4 is relatively prime to 2 = 13. The mod 26

vertex sequence 4s 0,11,8,19,16,1,24,9,6,17,14,25,22,7,4,15,12,23,20,5,2,13,10, 21,18, 3.

Cyg is (3,11)-step Hamiltonian since

In [2] we have the condition that C), is k-step Hamiltonian if and only if & is relatively prime to

p, and [5] notes that if &k is not relatively prime to p then we get disjoint cycles:

Theorem 4.8 A cycle C,, is k-step Hamiltonian if and only if p > 2k +1 and ged(p, k) = 1. If
ged(p, k) = d > 1 then Dy(C,) is composed of d disjoint copies of C’g.

Theorem 4.9 Suppose a and b are odd, p is even, ged(a,p) = ged(b,p) =1, d = gcd(HT“, 2>
1, and e = gcd(b_T“, L) > 1. Then C, is not (a,b)-step Hamiltonian, and a two regular subgraph
containing all the vertices of Da(Cp) U Dyp(Cyp) will be composed of either dCp or eCe.

Proof. By Theorem 4.8 Dy(C)) is k-step Hamiltonian and since p is even it has a match-
ing subgraph which we may choose without loss of generality to have edges My(Cp) =
{(0,b), (2b,3b), (4b,5b), ..., (p—2)b, (p—1)b) }. We now have two choices for a matching subgraph
M,(Cy), either S1 ={(2z +b,20+b—a)|lz =0,1,2,....,p—1} or So ={(2z+b,20+ b+ a)|lz =
0,1,2,...,p — 1}. Suppose we choose Sj, consisting of edges connecting odd vertices 2z + b in
C)p to even vertices 2z + b — a, contract the M;(C)) edges in M;(Cp) U Sq, and create a map-
ping f from length 2 paths {(2z,2z +b), (22 + b,22 + b — a)} in C) to edges of C’% such that
f{(2z,22 +b),(2z + b2z + b — a)}) = (z,2 + %52), for x = 0,1,2,...,p — 1. This results in
a graph with g vertices, % edges E, and composed by Theorem 4.8 of e copies of C L. Then
f~Y(E) are the edges of e copies of Cr in Dy (Cp) U Dy(Cy). If we instead choose Sy we similarly
find a subgraph of D,(C}) U Dy(Ch) composed of dCe.

Note that as in Theorem 4.4, if either d or e is equal to 1, this theorem also gives us an (a, b)-step
Hamiltonian cycle for C), although Theorem 4.4 does not require a and b to be relatively prime

to p. Il
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The condition that a and b are relatively prime to p is necessary to the theorem, since for ex-
ample Cgg is actually (1,5)-step Hamiltonian, where d = 3 and e = 2, with one such (1,5)-step
Hamiltonian cycle given by the vertex sequence
0,1,56,57,52,53,48,49,54,55,50,51,46,47,42,43,38,39,44,45,40,41,36,37,32,33,28,29,34,35,30,
31,26,27,22,23,18,19,24,25,20,21,16,17,12,13,8,9,14,15,10,11,6,7,2,3,58,59,4,5,0.

Theorem 4.10 Suppose p = 4 (mod 8), ged(a,p) = ged(b,p) = 1, and a +b = 5. Then
Cy is not (a,b)-step Hamiltonian, and a two regular subgraph containing all the vertices of
Do (Cp) U Dy(Cyp) will be composed of either 2Cy or 2¢Cy.

Proof. Let the vertices of C), be labeled 0,1,2,...,p — 1. Since p is a multiple of 4 and a and b
are relatively prime to p, a and b must be odd. Since % =2 (mod 4) either a =b =1 (mod 4)
ora=>b=3 (mod 4). There are two possibilities for a perfect matching of a-edges or of b-edges,

and without loss of generality we may choose as a perfect matching of a-edges

{(0,a), (2a, 3a), (4a,5a), ..., ((p — 2)a,(p — 1)a)} = R1 U Ry,

where

Ry = {(0,a), (4,50), ..., (9 — D)a, (p — 3)a)}

Ry = {(2a,3a), (6a,7a),...,((p —2)a,(p— 1)a)}.

When a =1 (mod 4), Ry and Ry are disjoint since their edges are of the form (0,1) and (2, 3)
(mod 4), respectively. When a = 3 (mod 4), R; and Ry are still disjoint since their edges are of
the form (0,3) and (2,1) (mod 4), respectively.

The two choices for perfect matchings of b-edges are of the form

(i) S ={(a,a+0),(3a,3a+b), (5a,5a +b),...,((p—L)a,(p—1)a+b)}.
(ii) T = {(a,a — b), (3a,3a — b), (5a,5a — b), ..., ((p — 1)a, (p — 1)a — b)}.

Note that because (2i41)a = (2j+1)a (mod p) implies i = j (mod &) or i = j, the edges listed
in S and also in T are not repeated, and the initial vertices of the edges in each run through

every odd vertex, mod p. Furthermore, S and 7" are disjoint and S UT = Dy(C)).

(i) Suppose we choose the b-edges from S in case (i) along with the a-edges of R; U Ry and let
x = 4ia fori=0,1,2,...,5 — 1. Since a+b = § a 2-regular subgraph containing all the vertices

of Dq(Cp) U Dy(Cyp) will be composed of 4-cycles of the form

{(z,x+a),(z+a,x+a+b),(z+a+bx+2a+0b),(r+2a+bx+2a+2b)}
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E{(x,x—l—a),(:z—i—a,x—kg),(x—kg,x+§+a),(x+§+a,x)} (mod p)

Here the a edge at = + a + b must be(x + a + b,z + 2a + b) because x + a + b is even, mod p.
Similarly, z + 2a + b is odd, mod p, so to get the next vertex in the sequence we must add b to
get the vertex x + 2a + 2b.

These 4-cycles are disjoint for the following reasons. The vertices alternate between even and
odd elements, mod p. Since a is assumed relatively prime to p, if 4ia = 4ja (mod p) then i = j
(mod %), and this implies that i = j since 7 and j can only take the ¥ values 0,1,...5 —1. The
other pairs of even vertices in these 4-cycles are distinct, since 4ia = 4ja + % (mod p) would
imply that 0 = 2 (mod 4), because £ =2 (mod 4). Similar calculations show that even vertices
of the form x 4 a + b and the odd vertices in these 4-cycles are distinct. There will be & such

4-cycles.

(ii) Next we choose the b-edges from T in case (ii) along with the a-edges of Ry U Re. The

sequence of § vertices

O,a,afb,Qafb,Qaf2b,3a72b,...,(§71)(a7b),(§f1)(afb)+a,§(a—b)EO

form a Z-cycle for the following reasons. These vertices are alternately even and odd, mod p,

and the edges are alternately of length a and b. Suppose that two of the even vertices in this set
are congruent, mod p; that is, for some i and j, i(a—b) = j(a—0b) (mod p). Because a and b are

both congruent to either 1 or to 3, mod 4, a — b must be divisible by 4, so we have (i —j)aT_b =

mod 7). However, 7 must be o ecause p = mo , SO0 any factor ¢ common to —— an

d2). H  must be odd b p=4 (mod 8 y factor d to %72 and
% must be odd, and would also be an odd factor common to both a —b and 2- % = g =a-+band
thus also to (a —b) + (a+b) = 2a. Because a and p are relatively prime, we must have common
factor d = 1 and this implies “T_b and § are relatively prime, so the congruence (i — j )“T_b =

(mod %) reduces toi—j =0 (mod %), and therefore i = j, given that 0 < i, j < £ —1. Note that
the last edge in this cycle sequence has terminal vertex £(a —b) = p“T_b =0 (mod p). Similar

calculations show that the odd vertices, mod p, in this sequence are also distinct.

Lastly we note that if @ = b = 1 (mod 4) then the vertices in the sequence above are all
congruent to 0 or 1, mod 4, and the a-edges are the edges in R;. Similarly, if a = b =3 (mod 4)
then the vertices in the sequence are all congruent to 0 or 3, mod 4, and the a-edges again are
the edges in R;. In either case the a-edges in Ry are part of a second length § cycle with vertices

in the sequence

2,24+a,24a—-b,2+2a—b,2+2a—2b,2+3a—2b,...,24+ (5~ —1)(a—b),2+ (> —1)(a—b) +a
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If a=b=1 (mod 4) then the vertices in the sequence are all congruent to 2 or 3, mod 4. If
a =b=3 (mod 4) then the vertices are all congruent to 1 or 2, mod 4. In both cases the two

B-cycles are disjoint, and have edges that are alternately of length a and b.
In both case (i) and (ii) Cp is not (a, b)-step Hamiltonian. O

If we let p = mkn + 1, where m = b_?“ and k = HT“ as before, then for any n > 1, we see that

Corollary 4.7 implies the following:

Theorem 4.11 For each a and b both odd and distinct there are an infinite number of values

p, with a < b < L, such that C), is (a,b)-step Hamiltonian.

For a and b both odd, if the the conditions above are not satisfied, then ), may or may not
be (a,b)-step Hamiltonian. That is, suppose ged(m, £) > 1, ged(k, §) > 1, either ged(a,p) > 1
or ged(b,p) > 1, and p = 0 (mod 4). A Mathematica search shows that for the 440 values of
p <200 and a,b < § satisfying these conditions, in 394 cases Cy, is (a,b)-step Hamiltonian, and
in 46 cases it is not. The smallest value of p for which p =2 (mod 4) and these conditions are

met is p = 210, and for all 72 such triples {a, b, p}, Ca21¢ is (a,b)-step Hamiltonian.

4.2 Cycles C, with a even and b odd

Theorem 4.12 Suppose b is odd and relatively prime to p, a is even, and 4 < a < §. Then C,
is (a,b)-step Hamiltonian if and only if p =0 (mod 4) and gcd(p/2,a/2) = 1.
If b is odd and not relatively prime to p, but p = 0 (mod 4), a is even and ged(p/2,a/2) = 1,

then Cy is also (a,b)-step Hamiltonian.

Proof. Suppose first that p = 0 (mod 4) and ged(p/2,a/2) = 1. An (a,b)-step Hamiltonian
cycle is 0,b,a +b,a,2a,2a+b,3a+ b, 3a,4a,4a +b,5a +b,...,(§ —1)a+0b,(§ —1)a,0. Here the
even elements in the vertex list 0-a,1-a,2a, ..., (5§ —1)a are distinct, (mod p), since if ia = ja
(mod p), then i = j (mod £), because ged(a,p) = 2. This implies also that i = j, and the ele-
ments in the list 0-a,1-a,2a,..., (5§ — 1)a are members of the set of residues {0,2,4,...,p—2},
(mod p). Similarly, the odd elements 0-a +b,1-a+b,2a+b,...,(§ —1)a+ b are also distinct,
(mod p), and they are the elements of the set of residues {1,3,5,...,p—1}, (mod p). Note that
we cannot have a = L since then ged(a,p) # 2, unless p = 4, which is only possible if b=1 and

2
a=2, in which case the theorem is satisfied.
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Now suppose that C) is (a, b)-step Hamiltonian. Since a is even we must have p = 0 (mod 4).
As in the proof of Theorem 4.9 we may without loss of generality choose to include length b
edges M;(Cp) = {(0,b), (2b,3b), (4b,5b), ..., ((p — 2)b, (p — 1)b)}. These are distinct because b is
relatively prime to p. Note also that each edge in this perfect matching is of the form (z,z +b),
where z is even and z+b is odd. Beginning with edge (0, b), the length a edge incident to vertex
b may be either (b,b+a) or (b,b—a); it may be seen that each choice leads to equivalent results,
so without loss of generality suppose we choose (b, b+ a). Because b+ a is odd, the next edge
in this sequence must be (b+ a,a). The edge (a,0) would form a 4-cycle, so in order to attempt
to form an (a,b)-step Hamiltonian cycle, the next length a edge must be (a,2a). This pattern
of four edges now repeats leading from vertex 2a to vertex 4a, and for all za such that x is in
{0,2,4,...,p — 2}. A cycle is formed for the smallest even value of y such that ya =0 (mod p),
or y§ =0 (mod §). This value of y is given by y = & where d = ged(%, §), producing d copies
of Cg. Only if d = 1 do we have an (a, b)-step Hamiltonian cycle.

If b is odd and not relatively prime to p, p =0 (mod 4), a is even and ged(p/2,a/2) = 1, then the
same construction as that above gives an (a,b)-step Hamiltonian cycle; in this case the perfect

matching of b edges will again be all edges of the form (z,z + b) for all even z. O

Corollary 4.13 If b is odd, p > 4, and a = g is even, then C, is not (a,b)-step Hamiltonian.

Proof. Let f = m. Then Dy,(Cp) is composed of ged(b, p) copies of disjoint f—cycles. Either
(0,b) or (0, —b) will need to be an edge of the Hamiltonian p—cycle. Without loss of generality we
may choose the (0,b) edge, which implies that (a,0) which is identical to (—a,0) and (b,b+ a)
which is identical to (b,b — a) will also be edges. The other edges of the matching M;(Cy)
containing the edge (0,b) will all be of the form (z,b+ ) where x is even. Therefore (a,b+ a)
will also be an edge creating the 4-cycle (0,b,b+ a,a). So C, cannot be (a, b)-step Hamiltonian

unless p = 4 (in which case we will have b = 1 and a = 2). Similarly if the b edge at 0 is (0, —b).

Corollary 4.14 All even cycles Cp, are (2,b)-step Hamiltonian for odd b < § if and only if
p=0 (mod 4).

See the examples in Figure 13 for p = 12. O

Corollary 4.15 Let a and p be even with 4 < a < g. The cycle Cp, is (1,a)-step Hamiltonian
if and only if p=0 (mod 4) and ged(p/2,a/2) = 1.

Example 4.4 A (1,6)-step Hamiltonian tour for Cig is given by
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Figure 13: (1,2)- and (2,3)-step Hamiltonian tours for Ci2

0,1,7,6,12,13,3,2,8,9,15, 14,4, 5, 11, 10, 0.

A Mathematica search has demonstrated the following conjecture for the 152 triples {a,b,p}
fitting the conditions and such that p < 100.

Conjecture 4.1 Ifb is odd, ged(b,p) > 1, a is even, gcd(§,5) > 1, gcd(a,b,p) =1, anda,b < §

then C,, is not (a,b)-step Hamiltonian.
Theorem 4.16 All even cycles Cp are not (3,4)-step Hamiltonian.

Proof. If p # 0 (mod 8), then D4(C)) has odd cycles as components, so by Corollary 1.3, Cy, is
not (3,4)-step Hamiltonian. If p = 0 (mod 8), the union of the spanning matching subgraph of
D3(Cyp) and of Dy(C)) induces a disconnected graph composed of two copies of C}, /5. We show
this using two cases: (I) p not divisible by 3, (II) p divisible by 3. Let p = 8k, and label the
vertices of Cp as 0,1,2,...,8k — 1.

(I) By Theorem 4.12 C), cannot be (3,4)-step Hamiltonian; however, we will give more details
which will be useful in part (ii). In this case D3(C)) is isomorphic to C), and D4(C)) is composed
of four disjoint copies of Cy. When trying to find a Hamiltonian cycle which alternates between
the edges of D4(C)p) and D3(C),), we may choose without loss of generality the perfect matching
in D3(C}) with edges (0,3),(6,9),...,(8k — 4,8k — 1),(2,5),(8,11),(14,17),...,(8k — 8,8k —
5),(8k—2,1),(4,7),(10,13),...,(8k—12,8k—9), (8k — 6,8k — 3), as shown by the darker vertical
edges in Figure 14. Again without loss of generality we may choose either edges in D4(C)}) that
include either of the horizontal edges (0,4) or (3,7), but not both. If we choose (0,4) then we
must also choose (7,11), (8,12),. .., (8k—8,8k—4), (8k—1, 3), which creates a cycle isomorphic to
C4k, as shown in Figure 14. Similarly the edges (6,9), (10, 13),... are part of a cycle isomorphic
to Cyg, also shown in Figure 14. Therefore D3(Cgy) U D4(Csr) induces a disconnected graph

composed of two copies of Cyy, and Cgi cannot be (a,b)-step Hamiltonian.

(I) In this case p = 24k, since p is divisible by both 8 and 3. D3(Cp) is composed of three
disjoint copies of Cg, as shown by all the horizontal edges in Figure 15 (a) for the example

p = 24. Dy(Cp) is similarly composed of four copies of Cgj, shown by the vertical edges. When
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Figure 14: Case (I) in which n is not divisible by 3.

attempting to find a (3, 4)-step Hamiltonian cycle we have two choices; we might choose a perfect
matching from D3(C}) in which each matched edge has labels 4 more, mod p, than one of the
other matched edges, as in the list of edges (0,3), (4,7), (8,11), (6,9), (10,13), (14,17),..., as
shown by the darker horizontal edges for p = 24 in Figure 15(a). Otherwise we must choose
edges from two cycles of the matching in which matched edges differ in edge labels by 4, and
one cycle with edges complementary to those, as shown without loss of generality by the darker
horizontal edges in Figure 15 (b). In the first case, when next choosing the alternate vertical
edges from Dy4(C)y) we may choose either (0,4) or (3,7); Figure 15(a) shows the choice (0,4)
which forces a copy of Cio within D3(Cgy) U Dy(Csy), for this example in which p = 8k = 24,
namely (0,4,7,11,8,12,15,19,16,20,23,3), while the choice (3,7) also leads to a copy of Cj2. There
is a similar result for the other six horizontal edges, (6,9), (10,13), ... which also leads to selection
of 12 edges forming a copy of C12. Therefore, in this case all possible choices of the vertical
edges from Dy(C)) create two disjoint copies of Cjai. In the second case, shown in Figure 15 (b)
there are two vertical edge choices to be made for each set of 12 edges. For example, the figure
shows edge (3,7) chosen rather than (04), which then leads to a choice between (1,5) and (5,9);
in this diagram (1,5) is chosen, producing the 12-cycle (0,3,7,4,8,5,1,22,18,21,17,20). Again each
such choice leads to two disjoint copies of C12. These results apply in a similar manner for all
n = 24k; in these cases our diagram will again have 3 rows of horizontal edges, but 8k columns

of vertical edges. O

Theorem 4.17 Let a = 2°g and p = 2%h, where g and h are odd, d > ¢ > 1, gcd(p,a) = 2°,
4 <a< ¥ and ged(p,b) = 1. Also let e = 271 and f = 55;. Then C, is not (a,b)-step
Hamiltonian, and any 2-regqular subgraph containing all the vertices of Dq(Cp) U Dy(Cyp) will be
composed of one of {(e —1)Cyr UifCs}5_.
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15 18\ 21

Figure 15: Case (II) in which n is divisible by 3.

Proof. Partition the vertex labels of C), as follows:

2¢—-1
$={0,1,2,..p-1}=J S, Si={zb=i (mod2°)|z€{0,1,2,..p—1}}

i=0
The sets S; are disjoint and each has 2 = 2f elements. Without loss of generality we may choose
b-edges (0,b), (20,3D), ..., (5§ — 2)b, (5§ — 1)b). These edges create a perfect matching between S;
and S;11, for each ¢ = 0,2,4,...,2° — 2. For each even value ¢ we may without loss of generality
choose as a-edges with vertices in S; the edges (ib, ib+a), (ib+2a, ib+3a), ..., (ib+ (& —2)a, ib+
(% — 1)a). For each corresponding odd value ¢ + 1 we then have two choices for the a-edges
within Sj11, either those including ((¢ +1)b, (i +1)b+a) or else ((i +1)b+a, (i +1)b+ 2a). The
former produces with vertices in S; U S;1 f copies of Cy. The latter produces one copy of Cyy
from the 2 - 2f vertices in S; U S;+1. There are e pairs S; and S;+1, each of which may produce

either Cyr or fCy. See the following example. O

Example 4.5 Figure 16 shows Cy,b = 7,a = 12 and the three possible 2-reqular graphs induced

as in Theorem 4.17. In this example ¢ = 2,e = 2°71 = 2, f = QCI’H = 23‘21 = 5, and possible

2-regular subgraphs are {(2 — i)C% U 5iCy ?:0 = {2C9, Co0 U 5Cy,10Cy}.

The above theorems do not completely characterize which C, are (a,b)-step Hamiltonian. For
p < 200 there are 126,225 triples {a,b,p} with a,b < &. The theorems in this paper cover 98.6
% of these triples, demonstrating that there are 70,607 cases which are (a, b)-step Hamiltonian,

53,846 that are not (a, b)-step Hamiltonian, and 1,772 that are not decided by these theorems.

5 Turtle Shell Graphs

For s > r > 1 and n = 2r 4 2s, let C), be a cycle with E(Cy,) = {aiait+1,b5bj41, ckCrr1, didiy |
1<ik<r—1,1<y1<s—1} U{ayb1,bsci,crdy,dsar}. Denote by T'S(r,s) the turtle shell

23



0 12 24 36 8 20 32 4 16 28 0 12 24 36 8 20 32 4 16 2?
—— I___ __I S
7 197 31 3% 157 277 397 11 23%735 7% 79% 3f 3% 157 277 397 M 237 35
__1_41 26, 38, 10, 22_ 34 6 18 30 2q_—-_ 14, 26, 38, 10, 22 34 6 18, 30, 2

14I
21 33 5 17 29 1 13 25 37 9 21 38 5 17 29 1 13 25 37 9
0 12 24 36 8 20 32 4 16 28
1{—4—
7 197 31 3% 157 277 397 T 23" 35
14, 26, 38 10, 22 34 6 18 30 2
21 33 5 17 29 1 13 25 37 9

Figure 16: Cyg,a = 7,b = 12 induces 2Csy or Cyy U 5Cy or 10CY.

b1 b b3
ax

ds do dy

T5(1,3)

C1

ag

by

b

b3

C1

ai

C2

ds

2

TS(2,3)

dq

Figure 17: Turtle shell graphs 7'S(1,3) and T'S(2, 3)

graphs obtained from C,, by adding the edges {a;c,—1—i, bjds—1—; |1 <i <r,1 < j < s} asshown

in Figure 17.

Theorem 5.1 Fors > r > 1, the turtle shell graph T'S(r, s) is (i) (1,2)-step Hamiltonian except
r=s=1; and (ii) (2,3)-step Hamiltonian except r = 1,1 < s < 3.

Proof. (i) Clearly, T'S(1, 1) is not (1,2)-step Hamiltonian. For all other values of 7, s, a (1,2)-step

Hamiltonian tour is given by ajcrasc.—1a3 - - - arc1b1dsbads_1b3 - - - bsdyay.

(ii) It is routine to check that 7'S(r, s) is not (2,3)-step Hamiltonian for r = 1,1 < s < 3. For

r=s=2orr=1,8s>4,orr>2s>3, a(2,3)-step Hamiltonian tour is given by the labeling

in Figure 18.

0

Problem 5.1 Prove or disprove: For a > 3,7 > a,s > 2a — 2, the turtle shell graph T'S(r,s) is

(a,a + 1)-step Hamiltonian.
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n—1 1 3 5 n—"7 n—>5
. 3
1
n—3 n
| 15
2 4 6 n—6 n—4 n—2
2 8
TS(1,8),n=2s+2 T5(2,2)
2s 1 3 5 2s—5 2s5—3
2542 2s5—1
2s+4 2s5+1
. 02543
n—4e
n—2 n—>5
n n—3
2 4 6 2s—4 25-2 n—1

TS(r,s),n=2r+2s,s>r>2s+r>5
Figure 18: (2,3)-step Hamiltonian tour for T'S(r,s) (r=s=2,orr=1,s >4, orr > 2,5 > 3)

6 Cartesian Products

The Cartesian product of graphs G and H is the graph G x H with vertices V(G) x V(H).
Vertices (u,v) and (u/,v") are adjacent in G x H if and only if
u = v and v is adjacent to v’ in H, or if

v’ =o' and w is adjacent to v in G.

Lemma 6.1 If the distance between two vertices u and v in G is a then for any vertex y in H
the distance between (u,y) and (v,y) in G x H is also a. Similarly, if d(u,v) = a for vertices u

and v in H, then for any vertex x in G, d((x,u), (x,v)) in G X H is also a.

Proof. Suppose d(u,v) = a for vertices u and v in V(G), and for y € V(H) let Gy, = {(w,y)|w €
V(G)}. Let P = (u,u1), (ui,u2), ..., (up—1,v) be a length n path from (u,y) to (v,y) in G x H.
Contracting all edges in P that are not in G, results in a subgraph of G x H contained within

Gy, which implies that n > a, since G, is isomorphic to G. U

Theorem 6.2 If G and H are both (a,b)-step Hamiltonian then G x H is (a,b)-step Hamilto-

nian.

The labeling in the following proof is illustrated in Example 6.1 and Figure 19.
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Proof. Suppose G is of order m and H is of order n, both of which must be even. Let (a, b)-step
Hamiltonian cycles in G and H be u1,usg, us, ..., Um, w1 and vy, v, v3, ..., Uy, v1 respectively. The
edges in one (a, b)-step Hamiltonian cycle for G x H are the following (not in this order):

In Hy,: ((ug,v1), (u1,v2)), (w1, v2), (w1, v3)), ((ur, v3), (U1, v4))-.; (w1, vn-1), (w1, vn)),

In Hy,: ((uz,v1), (u2,v2)), ((uz,v3), (u2, v4)), ((u2,v5), (U2, v6))--., ((u2, vn-1), (u2,vn)),

In Hy,,: ((wn,v2), (Um,v3)), ((tm, va), (tm;v5)), ((tm; v6), (Um; 7)), ((Um, Vn—2), (W, Un-1))
All edges in each G, except

((ur,v1), (ug, v1)), ((u1,v2), (u2,v2)), ((u1,vs), (u2,v3))-.., ((u1, vn), (uz,vp)), and

((ulv 02)7 (Umv 02))’ ((ul) Ug), (um’ 03))’ ((ulv 04)’ (um7 04))7 ) ((u17 Un—l)v (uﬂ% Un—l))' 0

Example 6.1 Figure 19 shows (1,3)-step Hamiltonian cycles in Cs and Cg, and the associated
(1,3)-step Hamiltonian cycle in Cg x Cg described in the proof of Theorem 6.2. Note that the
diagram does not include all edges in D1(Cg x Cg) U D3(Cs x Cg), only those that are either
in (Cg)y for some y € V(Cg) or in (Cs)y for some x € V(Cg). The broken edges represent
distance 1 edges and the solid edges represent distance 3 edges. The thick edges are the edges in
a (1,3)-step Hamiltonian cycle for Cg x Cg.

Because no edges of the form ((x,3), (z,0)) for every x € V(Cg) are included in this (1, 3)-step
Hamiltonian cycle for Cg x Cg, the same Hamiltonian cycle will work for Cg x P, where we
use the first 5 edges in the (1,3)-step Hamiltonian cycle for Cg given by the vertex sequence
0,1,4,5,2,3 for the (1,3)-step traceable path Pg.

% *(_233"(3'3'*'

kst e

[ @87 (557 (25)] (35

l i il
4,1);

(21) (31)

! ' ' ! 1 E
-— - P — — G
(1.3)step G ) , )T (6,0 T 70 0 (4, O)T- (5.0) (2,0)T (3,0) ‘ 0,00 (1,00 (3,0 (2,0)

(1,3)-step Cg x Cg or (1,3)-step Cg x Pg (1,2)-step Cy x Py

Figure 19: (1, 3)-step Cg x (1, 3)-step Csg, (1,2)-step Cyx (1,2)- step traceable P;

Corollary 6.3 If G is (a,b)-step Hamiltonian and H is (a,b)-step traceable, then G x H is
(a,b)-step Hamiltonian.
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Proof. Suppose n is the order of H and m, which must be even, is the order of G. As pointed
out in example 6.1, the (a,b)-step Hamiltonian cycle used in the proof of Theorem 6.2 does
not include any edges of the form ((x,vy,),(x,v1)) for any vertex € V(G). Therefore the
same (a,b)-step Hamiltonian cycle is also an (a, b)-step Hamiltonian cycle for G x H, as long
as n is even. If n is odd, then we remove edge ((u1,vy), (Um,v,)) and replace it with edge
((u1,vy), (u2,vy,)), as in the example of the (1,2)-step Hamiltonian cycle for Cy x P5 shown in

Figure 19. g
Theorem 6.4 The cylinder graph C,, x Py, is (1,2)-step Hamiltonian for (i) n > 3 and even
m > 2; and (i) n =0 (mod 4), an,d odd m > 3.

Proof. In Figure 20, we give a (1, 2)-step Hamiltonian tour for C5 x Py (and Cs x P3) obtained
from a (1,2)-step Hamiltonian tour for C3 x P, (and C4 x P3) with the same pattern may be

obtained for other n and even m. O

s <%
Iijiiiji 1212@:::

Figure 20: A (1,2)-step Hamiltonian tour for C5 x P, and for Cg x Ps

Theorem 6.5 The cylinder graph C,, x Py, is (2,3)-step Hamiltonian for
(i) n=3,m=0 (mod 4),
(ii) n >4, and even m > 2,

(i) n =0 (mod 4), and odd m > 3.

Proof. (i) For C3, the distance between any two vertices is 1. A (2, 3)-step Hamiltonian tour for
C3 x P;o obtained from a (2, 3)-step Hamiltonian tour for Cs x Py is given in Figure 21 with the

same pattern may be extended to other m =0 (mod 4) larger than 12.

Figure 21: A (2,3)-step Hamiltonian tour for C5 x Pjy

(ii) In Figure 22, we give a (2, 3)-step Hamiltonian tour for Cy x Py obtained from a (2, 3)-step

Hamiltonian tour for Cy x P, that can be extended to other n > 5 and even m > 4.
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Figure 22: (2,3)-step Hamiltonian tour for Cy x Ps

(iii) In Figure 23, we give a (2, 3)-step Hamiltonian tour for Cg x Ps obtained from a (2, 3)-step
Hamiltonian tour for C3 x Py and Cy x Py that can be extended to other n = 0 (mod 4) and
odd m > 7. O

Figure 23: (2,3)-step Hamiltonian tour for Cg x P

Corollary 6.6 The torus graph C, x C,, is (2,3)-step Hamiltonian for (i) n = 3, m = 0
(mod 4), (i) n >4, and even m > 2, and (iii) n =0 (mod 4), odd m > 3.

7 Mobius Ladders

The Mébius ladder (also known as the Mobius wheel) is the cycle Cy,, with n additional edges
joining diagonally opposite vertices as shown in Figure 24. We will denote this graph by Mo,

and its vertices by v, va, ..., va,, the edges of Cyy, by v;v;41 for i =1,2,...,2n (mod 2n) of the
cycle, and the n diagonals by v;vpy; for e =1,2,...,n.
Vs v, ¥y v ¥
v o]

4 \Z \2 vy

M; %
V.

5 Vs Vs Vg

Figure 24: M&bius ladder Mg and Mg

28



Theorem 7.1 All graphs Ma,, are (2,3)-step Hamiltonian if and only if n = 2k, k > 3.

Proof. We first show that all Mobius ladders Myxo are not (2,3)-Hamiltonian. Observe that
Do(Myg12) is the disjoint union of two complete graphs of order 2k + 1. Hence, Do(Myj12) does
not contain a perfect matching subgraph of size 2k + 1. The theorem holds by Corollary1.3.

We now show that all Mdbius ladders My are (2,3)-Hamiltonian if and only if £ > 3. For
k = 1,2, diam(My,) < 3 so My is not (2,3)-Hamiltonian. For odd k > 3, we give a (2,3)-
Hamiltonian tour of Mja, Msy and Mag (in ladder form without edges shown) in Figure 25 that
can be extended to all odd k£ > 7. For even k > 4, we give a (2,3)-Hamiltonian tour of M4 and
M>y in Figure 26 (in ladder form without edges shown) that can be extended to all even k > 8.

Figure 25: A (2,3)-Hamiltonian tour for My, k = 3,5, 7.

Figure 26: A (2,3)-Hamiltonian tour for My, k = 4,6.

g

Theorem 7.2 For odd b > 3 and n > 2b, if ged(n,(b—1)/2) =1 or ged(n, (b+1)/2) =1, then
Moy, is (1,b)-step Hamiltonian.

Proof. We may construct two types of Hamiltonian cycles, both shown in Figure 18 for n = 11
and b = 5. Type I may be used when ged(n, (b+ 1)/2) = 1, for example ged(11, (5+1)/2) =1
shown in Figure 27. Type II may be used when ged(n, (b —1)/2) = 1, for example ged(11, (5 —
1)/2) = 1, also shown in Figure 18. We construct the (1,b)-step Hamiltonian cycle within the
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cycle v1, v, vs, ..., va,, Where each i-th vertex is adjacent to the (i—1)-st, (i4+1)-st, and (i4n)-th
vertices, the sums considered (mod 2n), as in the Mobius ladders shown in Figure 24. Because
n > 2b, the distance between the i-th and (i + b)-th vertices is b. For simplicity, in the following

we list only the subscripts of the vertices.

Type I

e PN P e P Y e e e

Vi Vo V3 V4 V5 V& Y7 Vg Y9 V90 Y11 Y12V13 V14 Y15 Y16 V17 Y18 Y19 Y20 V21 Vo2

Type II

U N N XN SN SN K O O

Vi Yo V3 V4 V5 V& Y7 Vg Y9 V90 V11 Y12V13 V14 Y15 Y16 V17 Y18 Y19 Vo0 V21 Vo2

Figure 27: (1,5)-step Hamiltonian tours for M&bius ladder Mas.

Type I. The sequence of vertex subscripts in this (1,b)-step Hamiltonian cycle is
1,2,14+(b+1),24+(b+1),14+2(b+1),2+2(0b+1),....1+(n—-1)(b+1),24+ (n—-1)(b+1),1

where the subscripts are considered mod 2n. Here, for k = 0,1,2,...,n — 1, the subscripts of
the form 1+ k(b+1) take on all the odd values in {1,2,3,...,n}, and the subscripts of the form
24+ k(b+1) take on all the even values, since b— 1 and b+ 1 are even, as is 2n. These subscripts

are distinct, since if

1+ki(b+1)=14ko(b+1) (mod 2n),

then
(k1 —k2)(b+1) =0 (mod 2n)

or

(k1 —ko)(b4+1)/2=0 (mod n).
However, because ged(n, (b+1)/2) =1, we have
(k1 — ko) =0 (mod n)

which is possible only if k1 = k9. Similarly, the subscripts of the form 2 + k(b + 1) are also

distinct.

Type II. The sequence of vertex subscripts in this (1, b)-step Hamiltonian cycle is
2,1,24+(b-1),1+(b-1),2+2(b—-1),14+2(b—-1),....24 (n—=1)(b—1),1+(n—1)(b—1),2.
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As for Type I, similar calculations show that the vertex subscripts in this sequence are distinct.
O

Remark. If a is even, then Myx 5 is not (a,b)-step Hamiltonian by Corollary 1.3, since then
D, (Mygy2) has two or more components with 2k + 1 or fewer vertices. For example, Dy(Mig) is
composed of two disjoint 9-vertex components, each containing one Cy and three disjoint copies

of Cg.
Problem 7.1 For what values of b and odd a is Mo (a,b)-step Hamiltonian?

Theorem 7.3 For even b > 2 and n > 2b, if ged(n,b/2) = 1, then Moy, is (1,b)-step Hamilto-

nian.

Proof. Figure 28 shows an example for n = 14,b = 6, where gcd(14,6/2) = 1. The sequence of

vertex subscripts in general in the (1, b)-step Hamiltonian tour is:
2,1,14+b,24+b,24+2b,1+2b,1+3b,2+3b,...,1+(n—1)b,2+ (n— 1)b,2

where the subscripts are considered mod 2n. The subscripts may be shown to be distinct as in

the proof of Theorem 7.2.

BN RN RN RN e S RN TR

Vi Va2 V3 V4 V5 Y8 Y7 Y8 Y9 Vio Y11 Y12 V13 Y14 Y15 V16 V17 Vis V19 Y20 Y21 Y22 Vo3 V24 Vos Vo Vo7 Vos
Figure 28: (1, 6)-step Hamiltonian tours for M&bius ladder Moas.

O

Corollary 7.4 All graphs Ma, are (i) (1,2)-step Hamiltonian if n = 2k, k > 2; (ii) (1,3)-step

Hamiltonian if n > 5.
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